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ABSTRACT

We consider nonlinear hyperbolic systems with stiff nonlinear relaxation. In the parabolic scaling, when
the stiffness parameter ε, the dynamics is asymptotically governed by effective systems which are of
parabolic type and may contain possibly degenerate and fully nonlinear diffusion terms.

In [4] we study and analyze several model problems with linear and nonlinear relaxation, including
Kawashima-LeFloch’s model [5]. The analysis is performed on the simplest nonlinear model problem
(see [4] for details)

ut + vx = 0,

ε2 vt + ux = −|v|m−1 v,
(1)

where m > 0 is a real parameter. As the parameter ε vanishes the system reduced to the associated
effective equation

ut =
(
|ux|α(ux)

)
x
, |v|m−1 v = −ux, (2)

with α = −1 + 1/m. It is natural to distinguish between three different behaviors:

sub–linear : 0 < m < 1 α > 0,

linear : m = 1, α = 0,

super–linear : m > 1, α < 0.

(3)

The equation (2), although parabolic in nature, may regularize initially discontinuous initial data, and
we may expect jump singularities (in the first–order derivative ux) to remain in the late–time limit. The
case m > 1 lead to a fast diffusion, which makes explicit scheme in time almost useless, because of the
unboundedness of the diffusion coefficient.

In order to solve numerically such problem we use a method of line. First we discretize in space by
conservative finite difference methods in the sense of Shu and obtain a large system of ODE’s. For
such system, we introduce implicit–explicit (IMEX) methods which are based on Runge–Kutta (R–K)
discretization in time. We shall show that the use of classical IMEX R-K methods will lead to consistent
explicit discretization of the limit equation (2). Because of this, the limit scheme will suffer of the typical
parabolic CFL restriction ∆t ∝ ∆x2. Furthermore in some cases such restriction does not allow the
computation of the solution due to the unfoundedness of the diffusion coefficient (super-linear case).

To overcome such drawback one can make use of a penalization technique, based on adding two op-
posite terms to the first equation in (1), and treating one explicitly and one implicitly, (see for details
[4, 1, 2]),

ut = −(v + µ(ε)|ux|αux)x + µ(ε)(|ux|αux)x, (4)
ε2vt = −ux − |v|m−1v.



Here, µ(ε) is such that µ : R+ → [0, 1] and µ(0) = 1. When ε is not small there is no reason to
add and subtract the term µ(ε)uxx, therefore µ(ε) will be small in such a regime, i.e. µ(ε) ≈ 0. By
this technique in the limit ε → 0 the IMEX R-K scheme converges to an implicit method for the
first equation in (2), then this IMEX R-K schemes are able to solve the hyperbolic system containing
nonlinear relaxation without any restriction on the time step. Two kind of approaches for IMEX R-
K scheme will be considered in [4]. The first will be denoted as partitioned approach [1] and the
corresponding IMEX R-K scheme is called IMEX-I R-K scheme. The second approach is denoted
additive [2] and the corresponding scheme is called IMEX-E. In [4] a very efficient IMEX-I R-K
scheme has been introduced, in order to solve the first equation in (2) which is a nonlinear diffusion
equation. The method we propose is stable, linearly implicit and can be designed up to any order of
accuracy.

Several applications to some test problems will be presented in order to show the effectiveness of the
new approach.
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